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Abstract. We introduce the class of Continuous Thiele’s Rules that
generalize the familiar Thiele’s rules [15] of multi-winner voting
to distribution aggregation problems. Each rule in that class maxi-
mizes

∑
i f(π

i) where πi is an agent i’s satisfaction and f could
be any twice differentiable, increasing and concave real function.
Based on a single quantity we call the ’Inequality Aversion’ of f
(elsewhere known as "Relative Risk Aversion"), we derive bounds
on the Egalitarian loss, welfare loss and the approximation of Aver-
age Fair Share, leading to a quantifiable, continuous presentation of
their inevitable trade-offs. In particular, we show that the Nash Prod-
uct Rule satisfies Average Fair Share in our setting.

1 Introduction
In distribution aggregation problems [9] we study the problem of
reaching a collective decision that concerns the division of some con-
tinuous public resource into different channels, e.g. the public bud-
get allocated between various objectives (or ’projects’) [13], time or
land allocated between different activities, etc. The important defin-
ing feature is that we allocate any public resource, meaning that all
alternatives serve, in principle, everyone, albeit to variable extents
according to personal taste. That is in contrast to different branches
of Social Choice, e.g. Cake cutting [20] or Fair Division [18] where
we allocate resources among agents which enjoy them individually
as private goods. The collective decision is reached via some voting
rule or ’mechanism’ that inputs everyone’s preference regarding the
different possible outcomes and outputs an outcome that would be
implemented.

1.1 Preference Modeling

Accordingly, the preference of generic agents in distribution aggre-
gation concerns the distribution as a whole rather than some per-
sonal endowment. In general, the full structure of such preference
might be complex. Realistically, however, an aggregation rule that
requires deep inquiry into each voter’s personal preference seems
too bothering and not very likely. Thus, as in other areas of So-
cial Choice, "single-peaked" preferences where an agent’s optimal
outcome entails the complete description of her preferences over
the decision space, are many times favored as a reasonable com-
promise between the accuracy and applicability [17, 6]. Moreover,
such models typically perform better in terms of strategy-proofness.
Specifically, ℓp-norm preference where an agent (dis)satisfaction is
expressed as the distance

∥∥xi − x
∥∥
p

between her preferred distri-

bution xi to the one implemented x, and especially ℓ1 is probably
the most prevailing choice [9, 14, 13]. In our work we adopt the ℓ1
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model, albeit adhering to its equivalent, less common representation
that was introduced in [14] of overlap utilities. That is, an agent i
enjoys |xi ∩ x| =

∑
j min(xi

j , xj) in allocation x, where j covers
the set of alternatives. This formulation not only lets us more conve-
niently relate to satisfaction rather than dissatisfaction, but also mir-
rors the canonical notion in the discrete multi-winner voting setting
of |Ai∩W |, Ai being the set of alternatives approved by agent i and
W the winning set.

1.2 Axiomatic Demands And Their Incompatibilities

A well known fact that dates back as far as to Arrow’s Theorem
[1] is that good axiomatic properties of social choice rules are of-
ten contradictory. For instance, the utilitarian welfare maximizing
allocation x ∈ argmax

∑
i |x

i ∩ x| is known to also promise
strategyproofness [14, 13], while the egalitarian maxmin allocation
x = maxy mini |xi ∩ y| can be advocated as the more fair solution
and in particular guarantees a 1

n
satisfaction the least for every agent.

The Nash Product Rule x = maxy

∑
i ln
(
|xi ∩ x|

)
is somewhat a

middle ground between the two, that, as we later show, satisfies Av-
erage Justified Representation (AFS) that cares for the well being of
subgroups rather than just individuals. Each of these three admits a
certain demand that captures a different angle on social justice. Not
surprisingly, they are generically incompatible with each other. In
particular, [6] shows that even the weakest Justified Representation
demand of ’proportionality’ is incompatible with welfare maximiza-
tion and strategyproofness.

1.2.1 Contribution

In this work, we offer non-axiomatic approach to deal with these
impossibilities, via studying the class of Continuous Theile’s Rules
that maximize

∑
i f(|x

i ∩ x|) where f could be any concave real
function.

The original Thiele’s Voting Rules [15] are a well known class of
multi-winner voting rules, each characterized by a function f , that
choose the winning set W to maximize

∑
i f
(
|Ai∩W |

)
. In affinity

to the discussion above, this class includes some of the most prac-
ticed and well studied multi-winner voting rules, e.g. the welfare
maximizing k-approval with f = id , the egalitarian Chamberlin-
Courant with f = 1|Ai∩W |≥1 , and PAV where f

(
|Ai ∩ W |

)
=

1 + 1
2
+ 1

3
+ · · · + 1

|Ai∩W | that satisfies Extended Justified Rep-
resentation [3]. When applied to our continuous setting, much re-
semblance is found between corresponding rules and the properties
they guarantee. The advantage in moving to a continuous space is
that we can consider a continuum of rules that lie ’in between’ those
that properly satisfy different axioms, and characterize the trade-off



each of them offers in terms of approximating either axiom. We will
show how a rule’s approximation guarantees depend on the Inequal-
ity Aversion of f , IAVf = − tf ′(t)

f ′′(t) (elsewhere known as ’Relative
Risk Aversion’ [8]). In particular, we show that in our setup the Nash
product rule satisfies AFS by its full meaning.

1.3 Related Work

Compared to its neighbouring branches of Social Choice, the liter-
ature on distribution aggregation is not abundant. The most natu-
ral application is Participatory Budgeting (PB) that has drawn in-
creased attention in late years, however that literature mainly focuses
on the discrete form where each project has a fixed cost [19, 2, 21],
which is in compliance with the vast majority of PB instances in
reality. In some works, the aggregation rule outputs a distribution
while preferences are yet binary or ordinal [4, 5, 16]. As customary
in Social Choice, the divisible PB literature treats the trade-off be-
tween fairness and welfare-optimality mainly by means of offering
different mechanisms that can or cannot satisfy specific axiomatic
properties [9, 4, 13]. [13] introduces the class of strategy-proof
Moving-Phantom mechanisms within which the (ℓ1) welfare max-
imizing mechanism is the only pareto-efficient one, while the novel
"Independent-Market" mechanism is the only one to satisfy a fairly
weak notion of proportional fairness. This incompatibility of effi-
ciency, strategy-proofness and proportionality has lately been proven
to be generally inevitable [6] under ℓ1 and ℓ∞ preferences. Remark-
ably, however, [6] also shows that under Minimal Quotient prefer-
ences - where the satisfaction of agent i in x equals min{j:xi

j>0}
xj

xi
j

- these typically contradicting objectives can be achieved all at once.
The most closely related predecessor of our work is found in [16],
where group-fairness and welfare guarantees of different CTR rules
(however named differently) are compared, under preference model
slightly different than ours. Our work expands on it by considering
egalitarian fairness two, and characterizing the trade-off by a sin-
gle parameter. Other "flexible" approaches for handling the inherent
trade-off include the relaxation of some of the axioms [4, 14], or
searching for approximation guarantees different rules hold for dif-
ferent axioms [10, 11]. Under ℓ1 preferences in particular, in [7] and
[12] fairness is measured as the ℓ1 distance of an allocation to the
preferences mean. They introduce optimal rules for minimizing that
gap within the Moving-Phantom class [13], with quantifiable bounds.
However, to the best of our knowledge, the introduction of a contin-
uum of parameterized rules to our choice, where each offers a con-
crete approximation guarantees, have not yet been attempted.

2 Preliminaries

Let [n] be a set of agents and [m] be a set of alternatives, where
[k] := {1, ..., k} for each positive integer k. Subsets of [n] are de-
noted by lowercase letters e.g. s ⊂ [n], and in many places we
abuse the notation to represent also the subset size. For vectors in
Rm

+ := {y ∈ Rm|yj ≥ 0 ∀j ∈ [m]}, we denote |y| =
∑

j yj

and y ≤ z means yj ≤ zj∀j. For any tuple y1, . . . , yt, we define
the overlap (y1 ∩ · · · ∩ yt) by (y1 ∩ · · · ∩ yt)j := min1≤q≤t y

q
j .

An allocation x ∈ ∆m := {y ∈ Rm
+ |
∑m

j=1 yj = 1} is a distri-
bution of some continuously divisible resource (e.g. time, money)
among the m alternatives, where we normalize the overall budget to
1. The preferences of every agent i are expressed by a single allo-
cation xi ∈ ∆m that she would like to be implemented ideally, and
x⃗ := (x1, . . . , xn) ∈ (∆m)n is the preferences profile. We denote

by x⃗−i the partial profile consisting of all agents excluding i, and
x⃗−s accordingly for a subset s ⊂ [n]. The satisfaction of agent i in
allocation x is πi

x := |xi ∩ x| =
∑

j min(xi
j , xj). Or, just πi when

specifying the allocation is unnecessary.

2.1 Aggregation Rules and their Properties

Definition 1. An aggregation rule is a function F : (∆m)n → ∆m

that inputs the preferences profile x⃗ and outputs an allocation x ∈
∆m.

We survey here several properties that may or may not be satis-
fied by an allocation x given a profile x⃗. We say that an aggregation
rule F satisfies any of these properties if for all x⃗ ∈ (∆m)n, F (x⃗)
satisfies the corresponding property with respect to x⃗.

• Efficiency (EFF): An allocation x is efficient if no other allocation
y ∈ ∆m exists such that πi

x ≥ πi
y ∀i ∈ [n] with at least one

agent for which that inequality is strict.
• Range Respecting (RR): An allocation x is Range Respecting if

mini x
i
j ≤ xj ≤ maxix

i
j ∀j ∈ [m]. Note that EFF =⇒ RR.

• Individual Fair Share (IFS): An allocation x satisfies Individual
Fair Share if πi

x ≥ 1
n
∀i ∈ [n]. From an agents’ individual per-

spective, that means that x allocates at least 1/n of the budget
according to her desire.

• Average Fair Share (AFS): A subset of agents s ⊂ [n] is called α-
cohesive for some 0 < α ≤ |s|

n
if
∣∣⋂

i∈s x
i
∣∣ ≥ α. An allocation

x satisfies Average Fair Share if for every α ∈ (0, 1], if s ⊂ [n] is
α-cohesive then 1

|s|
∑

i∈s π
i
x ≥ α.

• Core Stability (CS): An allocation x satisfies Core Stability if for
every s ⊂ [n], no y ∈ Rm

+ exists such that |y| = |s|
n

and πi
y ≥

πi
x ∀i ∈ s with strict inequality for at least one member of s.

• Proportionality (PROP) [13]: This much weaker demand requires
the fulfilment of all Fair Share axioms above, but only for a sim-
ple structure of the preference profile (in which they all coincide).
Single-minded profiles are profiles where xi is a unit vector for
all i, in other words that every agent wishes to allocate the full
budget to a single alternative. If x⃗ is single-minded, then x satis-
fies proportionality if x = 1

n

∑
i x

i.

The next two properties refer directly to rules rather than allocations.

• Participation (PAR): Aggregation rule F satisfies (strict) partici-
pation if

|F (x⃗) ∩ xi|
(>)

≥ |F (x⃗−i) ∩ xi| ∀x⃗, xi

meaning that agents should always prefer voting over abstaining.
• Strategyproofness (SP): Aggregation rule F is strategyproof is

for all xi and x⃗−i,

|F (xi, x⃗−i) ∩ xi| ≥ |F (y, x⃗−i) ∩ xi| ∀y ∈ ∆m

meaning, no agnet i can increase her satisfaction by misreporting
some y ∈ ∆m instead of her true preference xi.

3 Continuous Theile’s Rules
In this paper we study the following class of mechanisms.

Definition 2 (Continuous Thiele’s Aggregation Rules). For any
increasing, twice differentiable and strictly concave function f :
[0, 1] → R, we define the corresponding Continuous Thiele’s Rule
(CTR) Tf by

Tf (x⃗) ∈ arg max
x∈∆m

n∑
i=1

f(πi
x)



3.1 Optimal allocations

CTRs can be computed efficiently via convex optimization as∑n
i=1 f(π

i
x) is a concave function of x (note that πi

x =∑
j min(xi

j , xj) is in itself a sum of concave functions). . Thanks
to that, optimal allocations can be characterized conveniently by first
order conditions. We formalize here these constraints that will help
us derive much of our later results.

Definition 3. Let x ∈ ∆m. For each j ∈ [m],

s
↑(↓)
j (x) := {i ∈ [n]|xi

j > (≥)xj}

That is, s↑j (x) consists of all agents i ∈ [n] for which increasing
(or reducing, for s↓) xj while keeping all other {xk}k ̸=j fixed will
increase (reduce) their satisfaction πi

x. The reason we distinguish be-
tween the two is that if xi

j = xj for some agent i, she suffers from a
reduction in xj while not gaining if we increase it. If no such agent
exist, the sets coincide and we can just write sj . We also do that for
the sake of abbreviation in many places, where the intention should
be clear or the distinction is not crucial.

Notation 4. For every agent i and allocation x,

σ↑(↓)
x (i) := {j ∈ [m]|i ∈ s

↑(↓)
j (x)}

Next, we want to define the partial derivative of
∑n

i=1 f(π
i
x) w.r.t.

alternative j ∈ [m].

Definition 5 (marginal contributions). Let x ∈ ∆m. For every j ∈
[m],

mc
↑(↓)
j (x) :=

∑
i∈s

↑(↓)
j (x)

f ′(πi
x)

Note that mcj(x) depends on xj only through sj , however the
contribution of each member to the sum is a function of their overall
satisfaction πi

x :=
∑

j min(xi
j , xj). In case xi

k = xk for some k ∈
[m] (whether k = j or other), f ′(πi

x) does not exist, and we take the
right or left derivative accordingly.

Proposition 1 (MRS condition). x ∈ argmaxy∈∆m
∑

i f(π
i
y) if

and only if
mc↑j (x) ≤ mc↓k(x) ∀j, k ∈ [m]

Note that when s↑j = s↓j and s↑k = s↓k, marginal contributions
also coincide and the two inequalities for j and k are reduced to the
equation mcj = mck. Intuitively, optimal allocations must admit
the MRS demand because if mc↑j (x) > mc↓k(x) for some j and k,
increasing xj at the expense of xk would increase

∑
i f(π

i), up to
the point where the MRS condition is satisfied. (And, every local
maximum of a concave function is also a global one).

3.2 Axiomatic Properties of CTRs

We start with examining the satisfaction of the axiomatic demands
mention above for CTRs. It is easy to observe that EFF and PAR
are satisfied by all members in the class. As for other demands, their
performance is not as satisfying.

Proposition 2. No CTR satisfies SP.

Proof. Consider the following counter example. Let n = m = 2,
x1 = (.5, .5) and x2 = (0, 1). Let x = Tf (x⃗). Since Tf satisfies
RR, we know that x = (y, 1 − y) for some y ∈ [0, 0.5], so that
s1 = 1, s2 = 2, π1

x = y + 0.5 and π2
x = 1− y. Thus,

f ′(y + 0.5) = mc1 = mc2 = f ′(1− y) =⇒ y = .25

(f ′ is strictly decreasing, thus injective). Now assume agent 1 mis-
reports x̂1 = (1, 0) instead, and call the new outcome (z, 1 − z).
Then

f ′(z) = mc1 = mc2 = f ′(1− z) =⇒ z = .5

and agent 1’s satisfaction has increased from 0.75 to 1.

When it comes to proportional fairness, the only CTR that achieves
any such demand (for m > 2) is the logarithmic rule where f = ln,
aka the Nash Product Rule, that satisfies the relatively strong AFS.
That stands in alignment with the discrete model where the PAV rule
that maximizes

∑
i H
(
|Ai ∩ W |

)
(where H is the harmonic func-

tion) is the only Thiele rule that admits a somewhat weaker demand
called EJR [3]. The proof of Nash Rule’s AFS property is dismissed
here as a particular case of Theorem 9. On the contrary, we show that
it is the only CTR that satisfies the much weaker PROP.

Proposition 3. For m > 2, the Nash rule Tln is the only CTR that
satisfies PROP.

Proof. Let x⃗ be a single-minded preferences vector, and Tf (x⃗) = x.
By MRS, sjf ′(xj) = skf

′(xk)∀j, k (note that under single-minded
profiles mc↑j = mc↓j for all j such that 0 < xj < 1). If x satisfies
PROP then xj =

sj
n

, yielding

sjf
′(
sj
n
) = skf

′(
sk
n
) =⇒ sj

n
f ′(

sj
n
) =

sk
n
f ′(

sk
n
)

Satisfying this for general n, 1 ≤ sj , sk ≤ n means that xf ′(x) is a
constant function, thus f = ln.

Moreover, the logarithmic CTR does not satisfy CS.

Example 4. Let m = 3 and [n] consisting of 3 disjoint sets
n1, n2, n3 such that n1 = n2 = 0.3n, n3 = 0.4n. Each of
the subsets is homogeneous with preferences x1 = (1, 0, 0), x2 =
(.5, .5, 0), x3 = (0, 0, 1) respectively. Then Tln(x⃗) = x =
(.5, 0, .5). However, with y = (0.55, 0.05), |y| = n1+n2

n
, every

agent i ∈ n1 ∪ n2 has πi
y = 0.55 > πi

x = 0.5.

Interestingly, the Nash product does output a core solution under
preference model not too far from ℓ1 [4]. Whether the core is always
non-empty, and what rule can find core solutions when they exist,
remains an open question.

4 Utilitarian vs. Egalitarian Welfare
After reviewing the not-very-impressive axiomatic performance of
CTR rules, we develop in this section a more explicit presentation of
the compromise one has to make between utilitarianism and distribu-
tive fairness. We start with the notion of Inequality Aversion captured
in a concave function f .

Definition 6 ( Inequality Aversion). For any twice differentiable f :
[0, 1] → R, the Inequality Aversion of f , IAVf : (0, 1] → R is

IAVf (t) = − tf ′(t)

f ′′(t)



More commonly, − tf ′(t)
f ′′(t) is known as the "Relative Risk Aver-

sion" of f , a major concept in decision making under uncertainty [8].
While the two contexts are unrelated, the technical similarity is com-
prehensible. In principle, the concavity of f implies 1

n

∑
i f(π

i
x) ≤

f
(

1
n

∑
i π

i
x

)
, and − tf ′(t)

f ′′(t) is a proxy for how big the gap is. The

higher − tf ′(t)
f ′′(t) is, the less dispersed will be the optimal distribution

for {πi
x}i∈[n]. In decision making under uncertainty, f represents

utility and 1
n

∑
i f(π

i
x) is the expectancy E

[
f(L)

]
for some ran-

dom variable L distributed over {πi
x}i∈[n], whereas in our case f is

a function chosen by a social planner to promote her normative bal-
ance between fairness (low disparity) and overall welfare

∑
i f(π

i
x).

Here are some examples for the IAV of different functions.

f IAVf

−t−p, p>0 = 1 + p ∀t ∈ (0, 1]

−et
−p

, p>0 ≥ 1 + p ∀t ∈ (0, 1]
tp, 1>p>0 = 1− p ∀t ∈ (0, 1]
ln(t) = 1 ∀t ∈ (0, 1]

t(2− t) ≤ 1
4
∀t ∈ (0, 1]

The lemma below shows an equivalent representation for IAV
that will later come handy. Then, Example 6 that follows will pro-
vides a clear intuition to its major role here. When writing IAV =
(≤)(≥)λ, we mean that the corresponding relation holds in all [0, 1].

Lemma 5. The following are equivalent for any twice differentiable
concave function f : [0, 1] → R:

• IAVf

(≤)

≥ λ for some λ > 0.

• ∀α > 1, f ′(t)
f ′(αt)

(≤)

≥ αλ

Proof. Essentially, − tf ′′(t)
f ′(t)

(≤)

≥ λ means that f ′(t) decreases faster
(slower) than t−λ:

d

dt

[
tλf ′(t)

]
= tλ−1(λf ′(t) + tf ′′(t)

)
≤ 0 ⇐⇒ − tf ′′(t)

f ′(t)
≥ λ

And if tλf ′(t) is non-increasing (non-decreasing), then

∀α > 1, tλf ′(t)
(≤)

≥ (αt)λf ′(αt) ⇐⇒ f ′(t)

f ′(αt)

(≤)

≥ αλ

Example 6. Consider a single-minded profile for m = 2 where
s2 > s1. MRS at the outcome x = Tf (x⃗) gives

mc1 = s1f
′(π1

x) = s1f
′(x1)

mc2 = s2f
′(π2

x) = s2f
′(x2)

=⇒ f ′(x1)

f ′(x2)
=

s2
s1

If λ bounds IAVf , it also bounds the extent to which Tf favors the
majority s2. If IAVf ≥ λ,(x2

x1

)λ ≤ f ′(x1)

f ′(x2)
=⇒ π2

x

π1
x

=
x2

x1
≤
(s2
s1

)1/λ
In particular, for λ → ∞ we get the egalitarian maxmin allocation
x1 = x2. For IAVf ≤ λ we will have the inequalities reversed :(x2

x1

)λ ≥ f ′(x1)

f ′(x2)
=⇒ π2

x

π1
x

=
x2

x1
≥
(s2
s1

)1/λ

so that at the limit λ → 0 the welfare maximizing allocation x =
(1, 0) is achieved. Finally, if IAV = 1 (meaning f = ln) the budget
is allocated proportionally, xj =

sj
sj+sk

.

Our main results, presented in this section, build on the idea
demonstrated in Example 6 to provide fairness / welfare guarantees
within the CTR class.

We can figuratively map this class to (0,∞) based on the IAV
parameter, as demonstrated in Figure 4. At the left limit λ = 0 we
have the welfare maximizing rule F (x⃗) = argmax

∑
i π

i. Theo-
rem 7 bounds the welfare loss as a function of the upper bound on
the IAV . On the other hand, for 1 ≥ IAV ≥ λ we get increas-
ingly close approximations of AFS as coming closer to the Nash
Product Rule where IAV = 1 (Theorem 9), and at the right limit
IAV ≥ λ → ∞ we have the egalitarian rule (Theorem 12). In other
words 0 < IAV < 1 correspond to rules that favor utilitarian over
egalitarian welfare (to various degrees), IAV > 1 means favoring
egalitarianism, and the Nash rule with IAV = 1 is point of "exact
balance" between the two.

λ = 1 (f = ln)

Justified Representation
λ → ∞

egalitarian welfare
λ = 0

utilitarian welfare

4.1 Welfare Loss

Theorem 7 below shows the welfare preserved when the IAV is
small enough, and is preceded by some necessary definitions.

Definition 7. The Welfare in allocation x is W (x) :=
∑

i π
i
x.

Definition 8. The Welfare loss of allocation x is defined

WL(x) = 1− W (x)

maxy∆m W (y)

Notation 9. Given two allocations x and y, we write:

Jx := {j ∈ [m]|xj ≥ yj} ; Jy := {j ∈ [m]|xj < yj}

δj := |xj − yj | ∀j ∈ [m] ; and δ :=
∑
j∈Jx

δj =
∑
j∈Jy

δj

The difference in satisfaction between x to y for every agent is
thus bounded by

πi
y − πi

x ≤
∑

k∈Jy∩σ
↑
x(i)

δk −
∑

j∈Jx∩σ
↓
x(i)

δj

Indeed, an agent might gain less then all of δk for k ∈ Jy ∩ σ↑
x(i) if

xk < xi
k < yk, and may lose some of δj even if j /∈ Jx ∩ σ↓

x(i) in
case yj < xi

j < xj .

Theorem 7. Let x = Tf (x⃗) such that IAVf ≤ λ. Then

WL(x) ≤ λmλ

λmλ + λ+ 1

Proof. Let x = Tf (x⃗) and y = argmax
∑

i π
i. Then

W (y)−W (x) ≤
∑
k∈Jy

s↑k(x)δk −
∑
j∈Jx

s↓j (x)δj

≤ s↑max

∑
k∈Jy

δk −
∑
j∈Jx

s↓j δj

=
∑
j∈Jx

(s↑max − s↓j (x))δj

≤
∑
j∈Jx

(s↑max − s↓j (x))xj



where s↑max := maxk∈Jy s↑k and we used
∑

k∈Jy
δk =

∑
j∈Jx

δj
and δj ≤ xj . Now, by MRS and IAVf ≤ λ we have for all j, k ∈
[m]:

s↑kf
′(1) ≤ mc↑k ≤ mc↓j ≤ s↓jf

′(xj)

=⇒ s↑k ≤ s↓j
f ′(xj)

f ′(1)
≤ s↓j

( 1

xj

)λ
and therefore

∑
j∈Jx

(s↑max − s↓j (x))xj ≤ s↑max

∑
j∈Jx

(1−xλ
j )xj .

The function g(t) = (1 − tλ)t is concave and has a maximum
λ

(λ+1)
λ+1
λ

at t∗ = (λ+ 1)−
1
λ . Thus,

∑
j∈Jx

(1− xλ
j )xj ≤

∑
j∈Jx

xj

t∗
g(t∗) =

∑
j∈Jx

xj
λ

λ+ 1
≤ λ

λ+ 1

Now,

W (x) =
∑
i

πi
x ≥

∑
i

∑
j∈σ(i)

xj =
∑
j

s↓jxj

≥ s↑max

∑
j

xλ
j · xj ≥ s↑maxm

( 1

m

)1+λ

= s↑max

( 1

m

)λ
Therefore,

W (y)−W (x)

W (x)
≤ mλ λ

λ+ 1

=⇒ W (y)−W (x)

W (y)
≤

mλ λ
λ+1

1 +mλ λ
λ+1

=
λmλ

λmλ + λ+ 1

Corollary 8 (Welfare loss in single minded profiles). In the spe-
cial case of single-minded preferences (where every voter allocates
the full budget to some unique alternative j ∈ [m]), the utilitarian
allocation puts all budget on the alternative with highest support,
meaning W (y) = s↑max, yielding

WL(x) =≤
s↑max

∑
j∈Jx

xj
λ

λ+1

s↑max

Moreover, since sjf
′(xj) = skf

′(xk) means xk ≥ xj ⇐⇒ sk ≥
sj , if sk = s↑max then xk = maxj xj ≥ 1

m
and thus

∑
j∈Jx

xj =∑
j ̸=k xj ≤ m−1

m
. Hence,

WL(x) ≤ m− 1

m

λ

λ+ 1

4.2 Approximate AFS

The next Theorem shows how good an approximation of AFS we can
guarantee when increasing the (lower bound on) IAF towards 1.

Theorem 9 (λ-AFS). Let x = Tf (x⃗) such that 1 ≥ IAVf ≥ λ.
Then, For every α-cohesive set s ∈ [n]

1

|s|
∑
i∈s

πi
x ≥ α

1
λ

Proof. Let an α-cohesive group s ⊂ [n]. Since |
⋂

i∈s x
i| ≥ α ≥

α
1
λ , if

⋂
i∈s x

i if covered by x we are done. Otherwise, there exists
j ∈ [m] such that mini∈s x

i
j > xj and, since f ′ is convex,

mc↑j =
∑
i∈s

↑
j

f ′(πi
x) ≥

∑
i∈s

f ′(πi
x) ≥ sf ′(πs)

where πs :=
∑

i∈s π
i
x By MRS, sf ′(πs) ≤ mc↓k ∀k ∈ [m]. Thus,

would now like to bound mink mc↓k. To do that, Let σ(i) = {k ∈
[m]|i ∈ s↓k} for every agent i and note that πi

x ≥
∑

k∈σ(i) xk. Now,∑
k

mck · xk =
∑
k

xk

∑
i∈sk

f ′(πi
x) =

∑
i

∑
k∈σ(i)

xkf
′(πi)

≤
∑
i

∑
k∈σ(i)

xkf
′

 ∑
k∈σ(i)

xk

 ≤ nf ′(1)

where the last inequality is due to the fact that tf ′(t) is an increasing
function by IAVf ≤ 1. As

∑
k xk = 1, there must exist k ∈ [m]

such that mck ≤ nf ′(1). Hence,

sf ′(πs) ≤ nf ′(1) =⇒ s

n
≤ f ′(1)

f ′(πs)
≤ (πs)λ

Overall, we showed πs ≥ min
(
α,
(
s
n

) 1
λ

)
≥ α

1
λ .

4.3 Egalitarian Loss and Individual Shares

We move on now to discuss the egalitarian guarantees we can provide
for high enough IAV . We aim on arguing that Tf approaches the
egalitarian rule at the limit IAVf → ∞. First, we have the next
result on individual share.

Proposition 10. Let x = Tf (x⃗) such that IAVf ≥ λ and πmin
x :=

mini π
i
x. Then

πmin
x ≥ 1

1 + (m− 1)(n− 1)
1
λ

Proof. Since every agent must be in s↑j for at least one j ∈ [m]

(unless her satisfaction is 1), there exist j ∈ [m] such that s↑j ≥
f ′(πmin

x ). Thus, due to the MRS conditions,

∀k ∈ [m], f ′(πmin
x ) ≤ mc↓k ≤ (n− 1)f ′(min

i∈sk
πi
x)

=⇒ (n− 1)
1
λ πmin

x ≥ min
i∈sk

πi
x ≥ xk

and in particular, πmin
x ≥ xj . Thus,

1 = xj +
∑
k ̸=j

xk ≤ πmin
x

(
1 + (m− 1)(n− 1)

1
λ

)

For λ → ∞ that bound is 1/m which is maxy∈∆m mini π
i
y

in the worst case. The following definition formalizes "being close
to egalitarian rule" by its full meaning.

Definition 10. The egalitarian loss of allocation x is defined

EL(x) := 1− mini π
i
x

maxy∈∆m mini πi
y

.



Nevertheless, Proposition 10 alone does give an upper bound on
the egalitarian loss for single-minded profiles.

Corollary 11 (egalitarian loss in single-minded profiles). The egali-
tarian allocation for single minded profiles is uniform (assuming all
projects j have non-empty support sj), making πi = 1/m ∀i. Thus,
by Proposition 10

EL(x) = 1− πmin
x

1/m
≤ 1− m

1 + (m− 1)(n− 1)
1
λ

Bounding EL(x) for general profiles, is, however, much more
challenging. Our way of doing that can be roughly presented as fol-
lows. The egalitarian rule allocation is characterized by the fact the
no improvement on all argmin agents is possible, in other words a
shift in any direction will harm (or will not benefit) some of them.
The proof of Theorem 12 below will show that for large enough
IAV , a unanimous improvement is not feasible on all agents with
satisfaction close to minimal, thereby limiting the increase in mini-
mum satisfaction. Formalizing that requires the following notion.

Definition 11 (Directional Derivative). For every agent i an two al-
locations x, y ∈ ∆m, define the derivative of πi towards y at x as

∂πi
x

∂(y − x)
:=

d

dα
πi(αy + (1− α)x)

∣∣∣
α=0

Note that

∂πi
x

∂(y − x)
=

d

dα

[∑
j

min(αyj + (1− α)xj , x
i
j)
]

=
∑

k∈Jy∩σ
↑
x(i)

δk −
∑

j∈Jx∩σ
↓
x(i)

δj

≥ πi
y − πi

x

We are now ready to this part’s main result.

Definition 12. For all m,n, λ, let

γ(m,n, λ) := max
ω∈[0,1]

min

(
mω , 1−

(
ω

n− 1

) 1
λ

)

Theorem 12. Let x = Tf (x⃗) where IAVf ≥ λ. Then

EL(x) ≤ γ(m,n, λ)

Note that γ(m,n, λ) ≤ 1 and that limλ→∞ γ(m,n, λ) = 0 for
all m,n. Table 1 shows some values of γ(m,n, λ).

m λ = 0.1 λ = 1 λ = 10 λ = 100

3 1.000 0.997 0.474 0.079
8 1.000 0.999 0.519 0.087
12 1.000 0.999 0.537 0.090
20 1.000 0.999 0.558 0.094

Table 1. Different values of γ(m,n, λ) for n = 100.

Proof. and y the maxmin allocation. Since x is an optimum of∑
i f(π

i),

0 ≥ ∂

∂(y − x)

[∑
i

f(πi)

]
=
∑
i

f ′(πi)
∂πi

x

∂(y − x)

Now let us add some notations. Let s1 be all agents i for which
πi
y > πi

x, and s2 := [n] \ s1. Denote ρ := mini∈s2 π
i
x and

µ := mini∈argmini πi
x

∂πi
x

∂(y−x)
. Surely argmini π

i
x ⊆ s1, therefore

0 ≥ ∂

∂(y − x)

[∑
i

f(πi)

]
≥ f ′(πmin

x ) · µ− (n− 1)f ′(ρ)

=⇒ n− 1

µ
≥ f ′(πmin

x )

f ′(ρ)
≥
(

ρ

πmin
x

)λ

Since ρ = πi
x for some agent in s2, πmin

y ≤ ρ. And, πmin
y − πmin

x ≤
µ because the directional derivative is greater then the actual gain in
satisfaction for every agent. Thus,

(n− 1)

(
πmin
x

πmin
y

)λ

≥ πmin
y − πmin

x

Thus, if πmin
y − πmin

x = ω ∈ [0, 1], then EL(x) = ω
πmin
y

≤ mω

because πmin
y ≥ 1

m
, and on the other hand, EL(x) = 1 − πmin

x

πmin
y

≤

1−
(

ω
n−1

) 1
λ . Thus,

EL(x) ≤ min

(
mω , 1−

(
ω

n− 1

) 1
λ

)
≤ γ(m,n, λ)

5 Discussion
This article presents a less common approach to the well known
welfare-fairness trade-offs introduced in almost every Social Choice
problem. Instead of separately testing the performance of different
rules [9, 4], we offered a class of rules that almost none of them
properly satisfy common axioms, but rather introduce a continuum of
quantifiable trade-off points between the contradicting desires. From
a practical point of view, such presentation of the range of possibili-
ties might be more appealing and convenient to work with for social
planners. Graph (a) in Figure 5 compares our results for welfare and
egalitarian loss as functions of λ.

As this is a work in progress, we surely hope for possible improve-
ments in some of our results. For example, we presented significantly
lower bounds for welfare and egalitarian losses under single-minded
profiles (Figure 5 graph (b)). Intuitively, however, in single-minded
profiles the interests of different agents are as contradictory as they
could be, leading to the conjecture that they might actually be the
worst possible cases. We thus hope for some room for improvement
in the results for general profiles as well. Moreover, some potentially
interesting directions still await for further investigation. E.g., we
did not look for approximate strategy-proofness in this article. In-
tuitively, what makes the strategy-proofness of the utilitarian rule is
that mcj = sj for all j, making it impossible for an agent i ∈ sj
to force an increase in xj towards xi

j via manipulating her vote. On
the other hand, the IAV of a function determines the impact that
low satisfaction has compared to size in mcj =

∑
j f

′(πi). Thus,
we might expect a bound on the agent’s ability to increase mcj that
depends on the IAV .
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[19] D. Peters, G. Pierczyński, and P. Skowron. Proportional participatory
budgeting with additive utilities. Advances in Neural Information Pro-
cessing Systems, 34:12726–12737, 2021.

[20] A. D. Procaccia. Cake cutting algorithms. 2016.
[21] N. Talmon and P. Faliszewski. A framework for approval-based bud-

geting methods. In Proceedings of the AAAI Conference on Artificial
Intelligence, volume 33, pages 2181–2188, 2019.


